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A Sell-Consistent Solution to the Poisson_Boltzmann Equation

Incluclang the Equilibrium of the Solvent

Srandard inaldn tomulauonr ol the 'l'chc doublr

l . \e r  In  a  s lunon t rca t  rh .3o lventd ldE l { ln '  conhn_

u;n  rhd  sorhecqu 'hbnun o l lh . !o l ! .n t  t r  no l  rmpof ,d

dd.ondirion. ln such formllctron\. the rn( aR kated

as a. idcal gas-i1 * a$Dfred thal lh. ionic tolume is

n.slis'ble.In rhislelr rwe explicnl! i.clude |he pBsuE

,n Lhe $lul'on ind rhe !olumes ofionsand elven' aml

we reDon slf-cons €nt expKions for lhc.quilibrium
con-e.mrcnt ofrountenons and soh.nl sEndard to

mul.ron\ als u* e\pFs$onr fot rhc entmpv oflhe ior

$n'ch r. applopnat. roan d..l3a €lh.r lhin a$lulon:

in thGcalcnlation we ue lhe exp6$ons appropnak ror

dilute slulio.s. W. shos lbat th€ size of thes rwo @r_

..cr'ons ... bc cohpaable wnh thal calcularcd fof th.

ef.c1 of dieledric eruBrion
tn comnon dcnvalions of lh. disinbuion ol 'onsn@r

a charsed inlerfae (8).lhe 1@lmenl ol|he slvent.s a

continlum iBplicitly nedccls tne foc ercftd bv thc

solrenl on lhc ions. Th. condiion oa ele.tMh.hi@l
equ,lrbrium 13 impord on lhe roni but rhc (ondilion nf

chcmicalequilibriun for lb€ slv.nt is nol applied
ThF omisior can b( hporonl \d' th. surface the

(toral) ionconenlBlion varies wilh posilion. and so t@

nu{ rhe co.entolion of the sNenl lfthcconentBl,on
ol rle $lten( r.nA rn ipace. and rc ch.mul potenti.l

does nol,lhcn th. pBsuE mun vary:thal islo ev, $.rc

isa posirionnepcnd.nl osmolic pesure lfrhe ionic vol_

une n neslcclcd. thrlp6s!re itr$cll) equal tolhc Ma\'
well srB, but in a sc.cthl ftarh.nl rhc vandio. in pEe

sule mun dltfl rhed6lribuhon ofboth io$and alv.nl
Pre\roJs sruda haK si\.n an c\p(son for lh. osnotic
pNUr \ananon NUmrnSa distnbunon of ons ohained

by nes tq l rn8  rh .  $ l tenr  res .  Bo l t  and Mr l le r  r l ) l  bu t
$ee aurhoE dld not consider th€ etr4r on rhe ion d'e
fibution oathis pcsurc vdiation. To our knowled8. ii.E
is no Drevious lHrmenl which eets slf_cons3rc.t $_

luions for thc equilibriun of boih Plule and elvent
Fu'lhc!, rn mo{ {an<lard romulalrons. lh. entopv

teft in lhc el.clrch€mi@l porenda! of ihe ions is given

a,  ( l  In . ,  rhcr .  b  conan ld l ion  . \p6cd a !  rh?
r umb.r or mold ul6 Fr unr rolun. and { n BoEmann\
connani I ln. is lhc entropy per mol(ule of.n ideal

sas, Elh€r ftan lhar oi a $lute. In rhis analysis wc u*
the eiprc$ion frod dilulc elulion theory in *nicn the
entfop) pet molecul. i\ qritren as r ln \ "h.E l i lhe
nuhb€r lradion or nole fndion.'

Th. coftecrion du. to the i.clusion of pBurc under

tne @uitbnun condnion and rhat due to lh. us of tb.

$luii;n rom orlhe enmpvarc ofconpanble ord.. The

aim ofrhis sludy is ro shov rh. sie of lh* coftdions

For sinplicily ec shall ignoE sveral orh.r coretions ro

the Pois.-Boltzmann .quation vhich navc al@dv b€.n

disusd by oiher .ulho6, such as lhc .fr4l5 of ercluded

volumc ( l), diclcclric stuBlio. ( 5 ).lh. ionicconcenffi_

ion o. th€ dicle.rnc consra (6), and dicl.ctric polaF

ialion ( 2). Thee aE Bviewed bv D.noieau (4)

W. sball co.side. lhc ce ol a hidlv chary€d su.fae

itr rh. prc*ncc of @u erio.s onlv Slch a cas anss

when rhe ions.r provided onl, by disiatiot from the

surfac.s. A sioilar coftdion howev.r would lpply lo a

slsled conraining ions of both charge Th. ctr{t of van'

alon i. p6uc is laq. only when th. Poisn_Eollzoann

.qution is $rcngty norlinear, i,., i. lhc rc8ion near 3

hrghl) chds.d (udac $her lh.@_ionom.nrdrcn rP

Equilibriuo of the counlerio. (sub6mpl i) and walc'

L - r ?  |  \ t t n x , +  p q - q d  I I I

| , .  -  rg  { /  ln  Y-  |  pu . .  I l i

qher.p 'slhe pc$ure. r isft. panial noldular !olumc

4 n rhc ioDic chsree. and @ is lhe el(troslic potnlial

Theprsur . inc ludd lh .Marwc l ls l r .sand rn the l imn
wh.re ,j appoehcs zcto, our 6ult5 niua 10 lh€ trln&rd
fomulauon and lh. pE$ue approaches p - lr Er whcr.
( is th. pcmitivily of 1h. slution and t is th. cl4tnc

In th. ab*nc€ of co-ions, Poist\ equation ir onc

d16
- -  9 r , 1 . ,  l ,
af'

wb.E ., is lh. concent6tion of ions. wc Num. { lo b.
,ndependcnt ol conenralion dnd.qual to rhar ol sck

rtfrhe elv.nr holcculd and rhe ron, hav. drfrercnl po-

hnzabililies, lhen rh.y will.rp.tjc.a ! difctntial aorce
due 10 th. inbobo€Encous i.ld. Th. etrdt of diel.ctnc
pohnaion h.s b.cn t€r.d by Boll (2).)

' Th. ue of Raoul\ lap for $lutiohs n cnpiri@l: dep6ion sE b€ltd 6rl.d bv s = t ln 'l than bry S = I

M.asuEnenls of and fteezins point xlnt(7)
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Fron .,D, + ."!- = t il follows rhar

I , = r - x " = c ! . / { r + . , ( " "  ! , ) ) .  t 4 l

l f  , j . ,<  t . . ,maybeexpahd.dasapoqe.* r i6abou l i l s
value.ar some rclercnc. posilion / = 0 Qnadaic rnd
hide.order rcrms will b€ di$ardcd. Makingrh's approx-
id . t io i  and us ing  IaL  l l l and  {21becomc

/ l ,  =  r l  +  rTrn  ! "c ,  +  l l , (u ,  t " )+pD,+ab I5 l

!" = /r9 tlu"., + P!. {61

w€ shall 9ur rb. zero olthe coordinale srsrem , = 0
*here rhe 6cld iszero,a.dwhere lhecolnlcnon concen
mion i5 . = . (ro zcrclb order). and th. surface ar r
= Z Ir nay be v.nned by subslitulion lhal lhe lollowi.s
re elurions to {11. I5l, and I6l. co'd to 66t od.' in

/  r "  \  unr^J  +  rJ  lan , ,  , . ,

c .l ," \ 3 t&'�{} + ^!tan (} + 2., _ ;_; _l!, _,/__ __drr_.

18l

*t'.,. * = 6'clXn- i,rt'e.ecipr€al orrhe Debye lenstn
(lo zerorh ordcr)a1, = 0. The calculations at given i.
grealer derail by Dtho$au (4 ),

We impose lhe tDundarr condnion lhat all rh. coun-
rnons a.e conlained in 0 < ) < t. This coresponds lo

(i) lwo like chaBed surfac6 al sp.ntion 21, in which
lh. ormotic presurc dete.nines lhc force ofinr.md'on

(ii) a film ofelulion oh a disssiatnS surface wbos
lhictnd a idercrmined by the r.lllive humidily oalhc
suroundinS ahospheF and lhe e(enl ofdnsdiation al
$esurfacc(3). In lhiscae. vaoor pressuEdcpresiondue
tD $e conentation al rhc solulion-vapor inlerface (wheE
lne hydrcshic pe$ur. is zcro) aeounts lor ft. Ekiive
hundny b€in8 l.$ lhan I00%.

ln bolh cas rhrrrivnt ofthc elltnr ar ) = 0 dct€mrncs
lhe chenical polent6l oflhe solvenr and ehroheniral'ly
relales lhe surlae chlr8e <tcnsi$ to rhe cohcenhrion .
sl' = 0.lnlerarion ofcha.se densn) yields

a i u  =  1 , 1 ^ n a n r  { / . :  ! \ r : o " ' ^ r
4 ^  \  4 l

- {l-t!nl iZ + 3 En rl + {I-),

To compaE lhe results l?l and I8l{ilh ftoe orrh€
veruta and Ovet$k analysis. rh€ padial volum€ ofuter
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Frc. l. The ordinale is C/C'- I *h.E Cn lhe.on-
c€nlrarion al the solid surlae calculared using|he analysn

siv€n i. thi6 paper and *h.e C'is lhe sne quanrny
cslcularcd usine skndard doublelayer fi@ry. The abe's
is rhe rlariv. bumidity ofan atnosphct in equilibrium
wirh fte elurion, so th. rsul6 ae innediacl!" applicable
ro a su.facc lalcr in cquilibriun wirh vapo.. To apply $e
.esults to th€ solulion bet*en lwo pla..r surlaces, the
absis n lhe aclirilt of sarer ar rhe pl&c ofsynfretry.

w6r&kenas! ,=  3x  l0  : ' �mr , lhevo ludeofabydta td

ion as q = I x l0 ti Dr, and Ine dielect.ic coDllant of
rh. blulion as 78. Figure I plols lhe comtioni i.e., rl
plols (C/C l) *h.E C is rhe conentra on al |he )
= aplane as calcllar.d.bovc and C'nlh. enequanoly
calculatd usinS rne analysis olveNcy and Overbe.k. Thc
surface charge d.nsiti.s choen a80.05.0.02,.nd 0.002

Qnalnarilcl), rhe resul$ nay b. cxplained 6 follows.
Tne hish ion concenrBion near lhe surfae imp,ies a lower
concenldlion otwal.r near lhe surLce. wale. molccDles
ditru* inlo $is rc3ion, e(ablfhing lhc hi8he. prc$ne
requned for equilibriun ofwaler. The gnd,enl in presure
caus a small cdinribulion of ions a*ay frcm rh. sul{ae,
and e rhc con.entarion ofions is low€r thao rhat cal-
culared br isnonns this efr<1. The em^ inrroduc.d in
concenhlion and chcoical pol.nrial by isnonng the el
f*ls consideEd in rhis sludy arc of the order ol*venl
r.rcehr for hishly charged surlacB with rypical iotu. This
is larger lhan $e coretion i.trodued by the mnsid.F
ario. of di€lcdric elurarioh.f.cls (5). Thal th* LlF
r<rons ar consideEblc h€rc in onc-dimensional seomelr )-'
\dgge{\ rhar.on$dcdnon o, osmoth prsureand u< ^l
lheenropt r.m frod soludon lheor] *ould nakeasub-
slanrial chanse lo calculations'n Bhich rhrecnimensional
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wiaton in @nenrFlion ir Fmht d and wh.E the l6al

v.rirdon itr brat co.cenlBtion it nrhd Sqlcr than rhal

N.venhclcir for banv applicadons' rhc disadvanraeEs

ol u$n8 mo( @mplioled dalv*s l s.h s Eq3 [ 7] tnd

l8l, vill outweigh lhe imprcved accudv Gperanv In

vid of lh. posibly lar8er .mE 'nttoduc.d bv the e

sumpdons ofn6! n B $@.v .nd !d4t d ou' chars''

Th. kno{lcds! ihlr this eftction i! nonn4iicb!' nav

h. of nosr us. in no!ftuld dvnamis or Motrtc Ca.lo

csLulatio$, whd rh. inclusion of ftc prc$urc tcm

vould b. proponionally . sn.ll conplicarion in the tl_
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